In this study, we have contributed to the derivation of mathematical model for the nonlinear waves modulation in an artery with the presence of a stenosis. Assume that the artery as an incompressible, prestressed thin walled elastic tube with a symmetrical stenosis and the blood as an incompressible inviscid fluid. Such a combination of a solid and fluid is considered to be a model for blood flow in a stenosed artery. By employing the nonlinear equations of tube and fluid as well as the
Introduction
Cholesterol is a waxy fat-like substance that occurs naturally in all parts of the body. Too much cholesterol in the blood will build up plaque in the walls of the arteries. Over the time, the decomposition of plaque cause the phenomenon of narrowing of the arteries which commonly referred as stenosis. The stenosis will further cause the artherosclerosis which is hardening of the arteries. Consequently, the arteries loose their elastic properties and the volume of blood carried through the arteries is reduced. The appearance of artherosclerosis may also lead to several diseases such as coronary heart diseases, stroke and hypertension. Motivated with the stenosis in the artery, the study of the propagation of nonlinear waves in a stenosed artery has been studied by Tay [1] - [3] .
The modulation of small-but-finite amplitude pressure waves in a fluidfilled distensible, linear elastic tube has been first examined by Ravindran and Prasad [4] . They have considered the axisymmetric flow of an compressible inviscid fluid as blood in a thin-walled viscoelastic tube under certain simplifying assumptions. They treated the artery as a straight circular unconstrained distensible one with linear viscoelastic properties. By utilizing the method of operators of multiple scales, they obtained the non-linear Schrodinger (NLS) equation. The NLS equation is the simplest representative equation describing the self-modulation of one-dimensional monochromatic plane waves in dispersive media. It has a balance between the nonlinearity and dispersion.
The study of nonlinear waves modulation in a prestressed thin elastic tube with a symmetrical stenosis filled with viscous fluid, where the approximate equation of viscous fluid without boundary condition is used has been carried by Tay and co-workers [5] . By employing the reductive perturbation method in the long-wave approximation, they obtained the dissipative NLS equation with variable coefficient.
However, the study of nonlinear waves modulation in a prestressed thin elastic tube with a symmetrical stenosis filled with inviscid fluid, where the non approximate equation of inviscid fluid with its boundary condition is used has not been carried out yet in literatures. Hence, we consider the artery as an incompressible, prestressed, thin-walled elastic tube with a symmetrical stenosis and the blood as an inviscid fluid, we developed a mathematical model for the nonlinear wave modulation in an artery with the presence of a stenosis by applying the nonlinear equations of tube and fluid and the method of reductive perturbation [6] . We obtained the NLS equation with variable coefficient as the governing equation for this model.The variable coefficient term in the NLS equation with variable coefficient is due to the effect of stenosis. The effect of stenosis in the artery causes the variable wave speed.
The Governing Equations
The derivation of the field equations of a stenosed elastic tube, which is considered to be a model for an artery and an inviscid fluid, which is assumed to be a model for blood has been carried out by Tay et al [5] . By introducing the non-dimensional quantities (Tay et al, 2010) into the field equations of tube and fluid, one obtains the following non-dimensional equations of tube, and fluid as below
with the boundary conditions
Definition of each variable in the equations (1)- (5) has defined by Choy [7] . The equations (1)- (5) give sufficient relations to determine the field quantities u, v, q, and p completely.
Nonlinear Wave Modulation
In this section, we will examine the amplitude modulation of weakly non-linear waves in a fluid-filled thin elastic tube with a stenosis whose non-dimensional governing equations are given in equations (1)- (5). Considering the dispersion relation of the linearized field equations and the nature of the problem of concern, which is a boundary-value problem, the following stretched coordinates can be introduced:
where ε is a small parameter measuring the weakness of nonlinearity and λ is a constant to be determined from the solution. Introducing the following differential relations
and assuming that the field quantities may be expanding into asymptotic series of ε as
where u, v, q,p and p are functions of the slow variables (ξ, τ ) as well as the fast variables (z, t). Introducing (6)- (8) into the equations (1)- (5), the following sets of differential equations are obtained
O(ε) equations
and the boundary conditions
O(ε 2 ) equations
and the boundary conditions 
Here, the coefficients of α 0 , α 1 , α 2 , β 1 , β 2 , β 3 and γ 1 are define by Tay et al. [5] .
By solving the sets of differential equations (9)- (14), one can obtains the following nonlinear Schrödinger (NLS) equation with variable coefficient:
For the governing NLS type equation (15), it is notice that the variable coefficient term, μ 3 h 1 (τ )U is due to the effect of stenosis.
Introducing the following change of variables:
equation (15) reduces to the following conventional NLS equations:
Solving equation (17) yields
where β =
Therefore, the solution of the NLS equation with variable coefficient (15) is given by
The speed of the harmonic wave is given by
Results and Discussion
The modulus of the solution of the NLS equation with variable coefficient (19) versus space, τ and travelling wave profile, ξ are illustrated in Figures 1 and  2 , respectively. Both graphs reveal the bell-shaped wave with the amplitude of unity propagates to the left as travelling wave profile and space increase, respectively. (δτ) . The outmost curve is at δ = 0.10, the middle is at δ = 0.20 and the inmost is at δ = 0.30. It shows that the wave speed takes its maximum value at the center of the stenosis and it gets smaller as it goes away from the center of the stenosis approaching a constant value. Equation (20) shows that when τ goes to infinity, the wave speed approaches to the constant value, 0.00294. Such result seems to be reasonable from physical considerations. Note that if the shape of the stenosis is sharp, the wave speed decays rapidly.
Conclusion
It has been presented the modulation of nonlinear waves in a prestressed thinwalled elastic tube with a symmetrical stenosis filled with a full inviscid fluid. The governing equation is obtained as the nonlinear Schrödinger (NLS) equation with variable coefficient. Through the model of inviscid fluid in the stenosed tube, it is seen that the wave propagates to the left by preserving its bell-shaped form. The wave speed reaches its maximum at the center of stenosis and it will get smaller approaching a constant value of 0.00294 as it goes away from the stenosis.
